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CONVERGENCE OF KA¨HLER-RICCI FLOW ON FANO
MANIFOLDS, II
GANG TIAN AND XIAOHUA ZHU∗
Abstract. In this paper, we give an alternative proof for the conver-
gence of Ka¨hler-Ricci flow on a Fano mnaifold (M,J). This proof differs
from that in [TZ3]. Moreover, we generalize the main theorem of [TZ3]
to the case that (M,J) may not admit any Ka¨hler-Einstein metrics.
1. Introduction
In this paper, we use Perelman’s W -functional in [Pe] to study the con-
vergence of Ka¨hler-Ricci flow on a Fano mnaifold. We want to prove
Theorem 1.1. Let (M,J) be a compact Ka¨hler-Einstein manifold with pos-
itive first Chern class c1(M) > 0. Then for any initial Ka¨hler metric g
with Ka¨hler class 2πc1(M), Ka¨hler-Ricci flow converges to a Ka¨hler-Einstein
metric in the C∞-topology. Moreover, the convergence can be made expo-
nentially modulo a holomorphism transformation on (M,J).
Theorem 1.1 was first announced by G. Perelman when he was visiting
MIT in the Spring of 2003. In [TZ3], we gave a proof of Theorem 1.1 by
using an inequality of Moser-Trudinger type established in [T1] and [TZ1]1.
The main purpose of this paper is to give an alternative proof of this theo-
rem. This new proof does not use the inequality of Moser-Trudinger type.
Moreover, our proof also yields a generalization as follows:
Theorem 1.2. Let (M,J) be a compact Ka¨hler manifold with positive first
Chern class c1(M) > 0. Suppose that there exists a Ka¨hler metric g0 with
Ka¨hler class 2πc1(M) such that Ka¨hler-Ricci flow with the initial metric g0
converges to a Ka¨hler-Einstein metric gKE in the C
∞-topology, which may
not be compatible with J . Then for any initial Ka¨hler metric g with Ka¨hler
class 2πc1(M), the Ka¨hler-Ricci flow converges to gKE in the C
∞-topology.
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1We need to add more details about how to use the Moser-Trudinger typed inequality
in the case that M has non-trivial holomorphic fields, .
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Theorem 1.2 implies that the convergence of Ka¨hler-Ricci flow is indepen-
dent of the choice of initial Ka¨hler metrics with Ka¨hler class 2πc1(M). The
main idea in the proof of Theorem 1.1 and Theorem 1.2 comes from [TZ4],
where we used Perelman’s W -functional to study the stability of Ka¨hler-
Ricci flow on a Fano manifold. Recently Sun and Wang obtained a more
general result for the stability [SW]. Our proof depends on certain asymp-
totic estimates for the minimizing functions (we call ft-functions) defined by
the W -functional associated to evolved metrics gt of Ka¨hler-Ricci flow. Our
estimates depend only on the lower bound of Mabuchi’s K-energy on the
space of Ka¨hler potentials on (M,J) [Ma]. If (M,J) is a Ka¨hler-Einstein
manifold, Bando and Mabuchi proved that the K-energy is bounded from
below ([BM], also see [DT]). Recently, in [Ch], Chen gives a generalization
of this. In fact, Chen’s result will be used in the proof of Theorem 1.2.
The organization of this paper is as follows: In Section 2, we outline an
approach of proof to Theorem 1.1. In Section 3, we recall the W-functional
and discuss some of its applications to Ka¨hler-Ricci flow (cf. Proposition
3.3 and Lemma 3.4). In Section 4, we give some estimates for ft-functions
along the Ka¨hler-Ricci flow. Theorem 1.1 and Theorem 1.2 will be proved
in Section 6 and Section 7, respectively. In Section 5, a stability result for
Ka¨hler-Ricci flow, Proposition 2.1, will be proved. Section 8 is an appendix
in which we give a C0-estimate for ft-functions.
Acknowledgements. Part of the work for this paper was done when both
authors were visiting the Simons Center for Geometry and Physics at Stony
Brook in early 2011. The authors would like to thank people there for
hospitality and excellent working condition.
2. An approach of continuity method to Ka¨hler-Ricci flow
Let (M,J) be an n-dimensional compact Ka¨hler manifold with positive
first Chern class c1(M) > 0 and g be a Ka¨hler metric with its Ka¨hler class
equal to 2πc1(M). We consider the (normalized) Ka¨hler-Ricci flow (abbre-
viated as KR-flow):
(2.1)
∂g(t)
∂t
= −Ric(g(t)) + g(t), g(0) = g.
It was proved in [Ca] that (2.1) has a global solution gt = g(t) for all time
t > 0. For simplicity, we denote by (gt; g) a solution of (2.1) with initial
metric g.
Now we assume that (M,J) admits a Ka¨hler-Einstein metric ωKE with
Ka¨hler class 2πc1(M).
Proposition 2.1. Let (M,J) be a Ka¨hler-Einstein manifold with positive
first Chern class c1(M) > 0 and gKE be a Ka¨hler-Einstein metric on (M,J)
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with its Ka¨hler form ωgKE ∈ 2πc1(M). Then there exists a number δ > 0
which depends only on gKE such that for any Ka¨hler metric g on (M,J)
with Ka¨hler form ωg ∈ 2πc1(M) satisfying
‖g − gKE‖C3(M) ≤ δ,(2.2)
KR-flow (gt; g) converges to gKE globally in the C
∞-topology.
Proposition 2.1 is a special case of more general stability theorem on
Ka¨hler-Ricci flow on a Fano manifold, which was recently proved by Sun and
Wang by using an inequality of Lojasiewicz type for the Ka¨hler-Ricci flow
[SW]. We note that Proposition 2.1 was also proved by the second named
author if the condition (2.2) is replaced by certain condition on Ka¨hler
potentials [Zhu]. In this paper, for the readers’ convenience, we will include
a proof of Proposition 2.1 in Section 5. Similar argument will be used in
proving Theorem 1.2. Here we denote by ‖g − g′‖Cℓ(M) the norm:
‖g − g′‖Cℓ(M) = inf
Φ
{|g − Φ∗(g′)|Cℓ(M)},
where Φ runs over all diffeomorphisms of M and |g1 − g2|Cℓ(M) denotes
the Cℓ-norm between two tensors g1 and g2 on M . The convergence of
Riemannian metrics in the C∞-topology means the convergence in all Cℓ-
norms ‖ · ‖Cℓ(M).
We can write
ωg = ωφ = ωgKE +
√−1∂∂φ ∈ 2πc1(M)
for a Ka¨hler potential φ on (M,J) and we define a path of Ka¨hler forms
ωs = ωgKE + s
√−1∂∂φ.
Set
I = {s ∈ [0, 1] | (gst ;ωs) converges to gKE in the C∞ − topology}.
Clearly, it follows from Proposition 2.1 that I is not empty. We want to
show that I is both open and closed. It follows that I = [0, 1]. Theorem 1.1
will follow from this.
The openness of I follows from the following corollary of Proposition 2.1:
Corollary 2.2. Let (M,J, ωgKE ) be a Ka¨hler-Einstein manifold with ωgKE ∈
2πc1(M) > 0. Suppose that there exists a Ka¨hler metric g0 on (M,J) with
Ka¨hler class 2πc1(M) such that KR-flow (gt; g0) converges to gKE in the
C∞-topology. Then there exists a δ > 0 which depends only on gKE and
g0 such that for any Ka¨hler metric g on (M,J) with Ka¨hler class 2πc1(M)
satisfying
‖g − g0‖C3(M) ≤ δ,(2.3)
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KR-flow (gt; g) converges to gKE in the C
∞-topology.
Proof. By the assumption, we can choose T sufficiently large such that if g˜t
is the solution of (2.1) with initial metric g0, then
‖g˜T − gKE‖C3(M) <
δ
2
,
where δ is a small number determined in Proposition 2.1. Since the Ka¨hler-
Ricci flow is stable for any fixed finite time, there is a small ǫ > 0 such that
whenever ‖g − g0‖C3(M) < ǫ, we have
‖gT − g˜T ‖C3(M) <
δ
2
.
Hence, we have
‖gT − gKE‖C3(M) < δ.(2.4)
Then the flow (gt; gT ) with initial gT will converge to gKE in the C
∞-
topology according to Proposition 2.1. This proves the corollary. 
It remains to prove
Theorem 2.3. I is closed.
This will be proved in Section 6.
3. Perelman’s W-functional
In this section, we review Perelman’s W -functional in [Pe]. The W -
functional is defined for triples (g, f, τ) on a given closed manifold M of
dimension m, where g is a Riemannian metric, f is a smooth function and
τ is a constant. It is defined as follows:
W (g, f, τ) = (4πτ)−m
∫
M
[τ(R(g) + |∇f |2) + f −m]e−fdVg,(3.1)
where R(g) denotes the scalar curvature of g. We also normalize the triple
(g, f, τ) by
(3.2) (4πτ)−m
∫
M
e−fdVg = (4πτ)
−mV.
In our situation, sinceM is a compact Ka¨hler manifold of complex dimension
n, we further have the following normalization of the volume of g:
(3.3)
∫
M
dVg = (2π)
n
∫
M
c1(M)
n ≡ V.
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Note that m = 2n. Then the W -functional depends only on a pair (g, f)
and can be reexpressed as follows:
W (g, f) =W (g, f,
1
2
) + (2π)−mmV
=(2π)−m
∫
M
[
1
2
(R(g) + |∇f |2) + f ]e−fdVg,(3.4)
where (g, f) satisfies (3.2) with τ = 12 and (3.3). Note that (3.3) holds
automatically for certain geometric problems, for example, metrics which
evolve along a normalized Ricci flow.
Following Perelman, we define an entropy λ(g) by
λ(g) = inf
f
{W (g, f)| f satisfies (3.2)}.
It is well-known that λ(g) can be attained by some f (cf. [Ro]). In fact,
such a f satisfies the Euler-Lagrange equation of W (g, ·),
(3.5) △f + f + 1
2
(R− |∇f |2) = λ(g).
Following a computation in [Pe], we can deduce the first variation2 of λ(·),
(3.6) δλ(g) = −
∫
M
< δg,Ric(g)− g +∇2f > e−fdVg,
where Ric(g) denotes the Ricci tensor of g and ∇2f is the Hessian of f . It
follows from (3.6) that g is a critical point of λ(·) if and only if g is a gradient
shrinking Ricci soliton, namely, g satisfies
(3.7) Ric(g) + ∇2f = g,
where f is a minimizer of W (g, ·).
Next we will prove the uniqueness of solutions for (3.5) if g is a gradient
shrinking Ricci soliton.
Lemma 3.1. If g satisfies (3.7), then any solution of (3.5) is equal to
the function f in (3.7) modulo a constant. Consequently, the minimizer of
W (g, ·) is unique if the metric g is a gradient shrinking Ricci soliton.
Proof. Let σt be an one-parameter subgroup generated by the gradient field
X =
1
2
∇gf = 1
2
gijfj
∂
∂xi
.
2It is not obvious that λ(·) is differentiable. This can be proved by using the comparison
principle and the regularity results we have on (3.5) (see Lemma 3.5 below and Appendix
in Section 8). Here we just compute its first variation at those g where λ is smooth. This
is the case when the minimizer f is unique. It is sufficient for us in this paper.
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Put g˜(t, ·) = σ⋆t g. Then g˜(t, ·) is a family of Ricci solitons and g˜ satisfies
the normalized Ricci flow,
∂g˜
∂t
= L(σ−1t )⋆X
g˜ = −Ric(g˜) + g˜.
Let f ′ be another solution of (3.5) and ρt be an one-parameter subgroup
generated by the gradient field
X ′ =
1
2
∇g˜f ′.
Set g′ = ρ⋆t g˜(t, ·). Then g′ satisfies a modified Ricci flow:
∂g′
∂t
= −Ric(g′) + g′ − L(ρ−1t )⋆X′g
′
= −Ric(g′) + g′ −∇2ρ⋆t f ′.
Clearly, (σt ◦ρt)⋆f ′ satisfies (3.5) with gˆt := (σt ◦ρt)⋆g in place of g. There-
fore, using the first variation of the functional W and its invariance under
diffeomorphisms, we have
0 =
dW ((σt ◦ ρt)⋆g, (σt ◦ ρt)⋆f ′)
dt
= −
∫
M
<
dgˆt
dt
,Ric(gˆt)− gˆt +∇2(σt ◦ ρt)⋆f ′ > e−(σt◦ρt)⋆f ′dVgˆt
=
∫
M
|Ric(gˆt)− gˆt +∇2(σt ◦ ρt)⋆f ′|2 e−(σt◦ρt)⋆f ′dVgˆt .
It follows
Ric(g)− g +∇2f ′ = 0.
Hence, f ′ = f + const.. 
As a converse to Lemma 3.1, we have
Lemma 3.2. Let g be a gradient shrinking Ricci soliton and f be the func-
tion in (3.7) for g. Then f satisfies (3.5).
Proof. Differentiating (3.7) and applying the second Bianchi identity, we
have
∇iR = 2Rijfj.
It follows
∇iR+ 2fijfj − 2fi = 2(Rij + fij − gij)fj = 0.
This implies
R+ |∇f |2 − 2f ≡ const,
and consequently, by using (3.7), we deduce that f is a solution of (3.5). 
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Proposition 3.3. Let (M,J, gKE) be a Ka¨hler-Einstein manifold with Ka¨hler
class 2πc1(M). Then gKE is a global maximizer of λ(·) in the space of Ka¨hler
metrics (g, J ′) on M with Ka¨hler class 2πc1(M).
Proof. By Lemma 3.1, the minimizer f of W (gKE, ·) must be a constant.
As a consequence, f = 0 because of the normalization condition (3.2). Thus
for any Ka¨hler metric g with Ka¨hler class 2πc1(M), we have
λ(gKE) = W (gKE, 0) = W (g, 0)
≥ inf {W (g, f) |
∫
M
e−fdVg = V } = λ(g).
Here we have used the fact:
W (g, 0) = n(2π)−2n
∫
M
Ric(g) ∧ ωn−1g
= n(2π)−2n
∫
M
Ric(gKE) ∧ ωn−1gKE = n(2π)−2nV.

The following is a direct corollary of Proposition 3.3 by using the Ka¨hler-
Ricci flow.
Lemma 3.4. Let (J0, gKE) and (J, g) be a Ka¨hler-Einstein metric and a
Ka¨hler metric on M with 2πc1(M) as both Ka¨hler classes. Suppose that
λ(g) ≥ λ(gKE). Then g is a Ka¨hler-Einstein metric with respect to the
complex structure J .
Proof. Let g(t, ·) be a solution of (2.1) with the initial metric g. Then by
the monotonicity of λ(g) along the Ricci flow [Pe] ( see (3.6) or (3.8) below),
we have
λ(g(t, ·)) ≥ λ(g), ∀ t > 0.
Thus by Proposition 3.3, we see
λ(g(t, ·)) = λ(gKE), ∀ t > 0.
Again by (3.6), it follows that g(t, ·) are all gradient shrinking Ricci solitons.
Moreover, the Ka¨hler condition implies that g(t, ·) are in fact all Ka¨hler-Ricci
solitons. Therefore, by the uniqueness of Ka¨hler-Ricci solitons [TZ2], we see
that g(t, ·) are all the same modulo automorphisms of M , and consequently,
g is a Ka¨hler-Ricci soliton with respect to some holomorphic field X induced
by a Hamiltonian function f which satisfies (3.5). On the other hand,
λ(g) =W (g, f) =W (g, 0) = λ(gKE).
This implies that f = 0 since the minimizer of W (g, ·) is unique according
to Lemma 3.1. Hence, g is a Ka¨hler-Einstein metric with respect to the
complex structure J .
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
We will end this section by a well-known fact, which follows from the
monotonicity of Perelman’s entropy λ(·). For the readers’ convenience, we
include its proof.
Lemma 3.5. Let gt = g(t, ·) be a solution of (2.1) on M . Suppose that
there exists a sequence gi of gt converging to a limit Riemannian metric g∞
in the C3-topology. Then g∞ is a Ka¨hler-Ricci soliton with respect to some
complex structure J∞.
Proof. By the assumption, there exists a sequence of diffeomorphisms Ψi of
M such that
|Ψ⋆i gi − g∞|C3(M) → 0.
It follows that after taking a subsequence if necessary, (Ψ−1i )⋆ · J · (Ψi)⋆
converges to an integral complex structure J∞ in the C
3-topology. The
standard regularity theory implies that J∞ is in fact analytic. By (3.6), we
have
d
dt
λ(gt) =
∫
M
|σ⋆t (Ric(gt)− gt +∇2ft)|2σ⋆t gdVσ⋆t g,(3.8)
where ft are minimizing solutions of (3.5) associated to metrics gt and σt is
the family of diffeomorphisms of M generated by the time-dependent vector
field 12∇gtft. Since
λ(gt) ≤W (gt, 0) = (2π)−mm
2
V
is bounded from above, there exists a sequence of αi such that as i tends to
∞, |αi − i| → 0 and∫
M
|Ric(gαi)− gαi +∇2fαi |2gαidVgαi → 0.(3.9)
Since the Ricci flow depends continuously on initial metrics, we may
choose δ0 > 0 such that
|Ψ⋆i gαi − g∞|C3(M) ≤ δ0(3.10)
as i→∞. On the other hand, by Proposition 8.1 in our Appendix, we know
that ft are uniformly bounded. Thus by applying the regularity theory of
elliptic equations to (8.1) in Appendix and using (3.10), we get
‖Ψ⋆i fαi‖C4, 12 (M) ≤ C
for some uniform constant C. Hence, by taking a subsequence if necessary,
there exists a C4,
1
2 -smooth function f∞ such that
Ψ⋆αifαi → f∞
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in the C4-topology. Then it follows from (3.9)
Ric(g∞)− g∞ +∇2f∞ = 0.
By the regularity theory, f∞ is actually smooth. Furthermore, since g∞ is
Ka¨hler, the gradient vector field ∇f∞ has to be holomorphic. This proves
that g∞ is a Ka¨hler-Ricci soliton.

4. Estimates for f -function
In this section, we derive some a priori estimates for the ft-functions
solving (3.5) associated to the KR-flow (2.1). Since the flow preserves the
Ka¨hler class, we may write the Ka¨hler form of gt as
ωφ = ωg +
√−1∂∂φ
for some Ka¨her potential φ = φt. Furthermore, as usual, one can choose
φt appropriately such that (2.1) is reduced to a parabolic complex Monge-
Ampe`re flow for φ(t, ·) = φt,
∂φ
∂t
= log
det(gij + φij)
det(gij)
+ φ− h′, φ(0, ·) = 0,(4.1)
where h′ = −∂φ
∂t
|t=0 is a Ricci potential of the initial metric g. It is easy to
check that each ∂φ
∂t
is a Ricci potential of gt. We set ht = −∂φ∂t + ct for some
constant ct so that ∫
M
ehtωngt =
∫
M
ωng .(4.2)
The following estimates are due to G. Perelman. We refer the readers to
[ST] for their proof.
Lemma 4.1. There are constants c and C depending only on the initial
metric g such that (a) diam(M,gt) ≤ C; (b) vol(Br(p), gt) ≥ cr2n; (c)
‖ht‖C0(M) ≤ C; (d) ‖∇ht‖gt ≤ C; (e) ‖∆ht‖C0(M) ≤ C.
Under the assumption that the K-energy is bounded from below, we can
improve the above estimates as follows.
Proposition 4.2. If in addition the K-energy is bounded from below on the
space of Ka¨hler potentials on (M,J) in Lemma 4.1. Then we have:
(a) limt→∞ ‖ht‖C0(M) = 0;
(b) limt→∞ ‖∇ht‖gt = 0;
(c) limt→∞ ‖∆ht‖C0(M) = 0.
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Proof. Recall that the K-energy µ(·) is defined for a Ka¨hler potential φ on
(M,J) by
µ(φ) = −
∫ 1
0
∫
M
ψ˙(R(ψs)− n)ωnψs ,
where ψs is a path of Ka¨hler potentials on (M,J) and R(ψs) denote scalar
curvatures of Ka¨hler forms ωψs . Then for a family of Ka¨hler potentials
φ = φt in (4.1), we have
dµ(φ)
dt
= −
∫
M
|∇ht|2gtωngt.
Thus by the lower bound of µ(·), one sees that there exists a sequence of
ti ∈ [i, i+ 1] such that
lim
ti→∞
H(ti) = lim
ti→∞
∫
M
|∇hti |2gtiω
n
gti
= 0.(4.3)
Since H(t) satisfies a differential equation,
dH(t)
dt
≤ CH(t),
for some uniform constant (cf. [CT2], [PSSW]), it is easy to derive
lim
t→∞
∫
M
|∇ht|2gtωngt = 0.(4.4)
Let
h˜t = ht − 1
V
∫
M
hte
htωngt.
By using the weighted Poincare inequality in [TZ3], we have∫
M
h˜2t e
htωngt ≤
∫
M
|∇ht|2gtehtωngt.
It follows from (c) in Lemma 4.1,
lim
t→∞
∫
M
h˜2tω
n
gt
= 0.(4.5)
We claim
lim
t→∞
‖h˜t‖C0(M) = 0.(4.6)
So we get (a) in our proposition by the normalization condition (4.2). In
fact the claim follows from an inequality
‖h˜t‖n+1C0(M) ≤ C‖∇ht‖ngt [
∫
M
h˜2tω
n
gt]
1
2 .(4.7)
(4.7) can be proved by using the non-collapsing estimate (b) in Lemma 4.1
(cf. [PSSW], [Zh]). By (d) in Lemma 4.1, the claim follows.
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Next, set
at = −
∫
M
∂φ
∂t
ωngt,
a direct computation shows
dat
dt
= at −
∫
M
|∇ht|2gtωngt.
It follows that
e−tat − a0 =
∫ t
0
e−s|∇hs|2gsωngs ∧ ds.
On the other hand, since the K-energy is bounded from below, as in [CT1]
or [TZ3], we can normalize h′ in (4.1) by adding a suitable constant so that∫
M
h′ωng = −
∫ ∞
0
∫
M
|∇ht|2gte−tωngt ∧ dt.
Thus we get
at =
∫ ∞
t
et−s|∇hs|2gsωngs ∧ ds → 0, as t→∞.(4.8)
Hence, by (a) in our proposition, we also get
lim
t→∞
‖∂φ
∂t
‖C0(M) = 0.(4.9)
Now (b) and (c) follow from the standard gradient and Laplacian estimates
for the Ka¨hler-Ricci flow which can be derived by using the Maximum princi-
ple as in [Ba], [T1]. For instance, the following lemma was proved in [PSSW]
and can be applied to complete the proof of (b) and (c).

Lemma 4.3. ([PSSW]) There exist δ,K > 0 depending only on the dimen-
sion n with the following property: For any ǫ > 0 with ǫ < δ and any t > 0,
if
‖∂φ
∂t
‖C0(M) ≤ ǫ,
then
‖∇ht+2‖gt+2 + ‖∆ht+2‖C0(M) ≤ Kǫ.
From Proposition 4.2, we can deduce
Proposition 4.4. Suppose that the K-energy is bounded from below. Then
there exists a sequence of ti ∈ [i, i + 1] such that
(a) limti→∞ ‖∆fti‖L2(M,ωgti ) = 0;
(b) limti→∞ ‖∇fti‖L2(M,ωgti ) = 0;
(c) limti→∞
∫
M
ftie
−ftiωngti
= 0.
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Proof. Let σt be the family of diffeomorphisms generated by the time-dependent
gradient vector field 12∇gtft. Then by (3.6), we have
d
dt
λ(gt) =
∫
M
σ⋆t (|Ric(gt)− gt +∇2ft|2e−ft)[σ⋆t (ωgt)]n,
=
∫
M
|Ric(gt)− gt +∇2ft|2gte−ftωngt.
It follows from (2.1) that
d
dt
λ(gt) =
∫
M
|1
2
∂∂ht −D2ft|2gte−ftωngt
≥ 1
2n
∫
M
|∆(ft − ht)|2e−ftωngt.
Since λ(gt) ≤ (2π)−nnV are uniformly bounded, we see that there exists a
sequence of ti ∈ [i, i + 1] such that
lim
i
∫
M
|△(fti − hti)|2e−ftiωngti = 0.
Thus by Proposition 4.2, we will get (a). Here we used the fact that ft are
uniformly bounded according to Proposition 8.1 in Appendix. Moreover, by∫
M
|∇ft|2ωngt = −
∫
M
ft△ftωngt ≤ C
(∫
M
|∆ft|2ωngt
) 1
2
,
Thus we get (b) from (a).
Define
f˜t = ft − 1
V
∫
M
fte
htωnt .
By using the weighted Poincare inequality in [TZ3], we have∫
M
f˜2t e
htωngt ≤ 2
∫
M
|∇ft|2ehtωngt ≤ C[
∫
M
|∆ft|2ωngt]
1
2 .
Hence, by using (a) and the boundedness of ht, we can deduce∫
M
f˜2tiω
n
gti
→ 0, as ti →∞.(4.10)
Since
−△f˜t = −∆ft = f + 1
2
(R− |∇f |2)− λ(g) ≤ C ′,
we have
−∆f˜+t ≤ C ′,
where f˜+t = max{f˜t, 0}. By using the standard Moser’s iteration, we can
derive
f˜+t ≤ C ′′‖f˜+t ‖L2(M,gt) ≤ C ′′‖f˜t‖L2(M,gt).
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Thus by (4.10), we get
lim
ti→∞
‖f˜+ti ‖C0(M) = 0.(4.11)
Let f˜−t = min{f˜t, 0}. Since ft is uniformly bounded and ht converges to
0, it follows from
∫
M
f˜te
htωngt = 0
lim
ti→∞
∫
M
f˜−ti ω
n
gti
= 0.
Thus
|
∫
M
f˜tie
−f˜tiωngti
| ≤
∫
M+
f˜+ti e
−f˜tiωngti
+
∫
M−
(−f˜−ti )e−f˜tiωngti
≤ ‖f˜+ti ‖C0(M)
∫
M
e−f˜tiωngti
+ sup
M
e−f˜ti
∫
M
(−f˜−ti )ωngti
→ 0, as ti →∞.(4.12)
Here we denote M+ = {f˜ti ≥ 0} and M− = {f˜ti ≤ 0} and we used the fact
that f˜ are uniformly bounded. By (4.12) and the normalization condition
(3.2), we will get the property (c) since ft differs from f˜t by a function c(t)
with limi→∞ c(ti) = 0.

Definition 4.5. The energy level L(g) of entropy λ(·) along the KR-flow
(gt; g) with an initial Ka¨hler metric g is given by
L(g) = lim
t→∞
λ(gt).
By the monotonicity of λ(gt), we see that L(g) exists and it is finite. In
case that the K-energy is bounded from below, from Proposition 4.4 together
with Proposition 4.2, we get
Corollary 4.6. Suppose that the Mabuchi’s K-energy is bounded from below.
Then
L(g) = (2π)−nnV = sup{λ(g′)| ωg′ ∈ 2πc1(M)}.
The above corollary shows that the energy level L(g) of entropy λ(·) does
not depend on the initial Ka¨hler metric g.
5. Proof of Proposition 2.1
The proof of Proposition 2.1 depends on the following uniqueness result
recently proved by Chen and Song in [CS]. This more general uniqueness
has been conjectured by the first named author in [T2]. Note that the
uniqueness of Ka¨hler-Einstein metrics on a Fano manifold was proved by
Bando and Mabuchi in 1985 for a fixed complex structure [BM].
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Theorem 5.1. ([CS]) Let (M,J) be a compact Ka¨hler manifold with c1(M) >
0. Suppose that there are two sequences of Ka¨hler metrics with Ka¨hler class
2πc1(M), which converge to Ka¨hler-Einstein metrics (g1, J1) and (g2, J2) in
the C∞-topology, respectively. Then (g1, J1) is conjugate to (g2, J2) by a
diffeomorphism of M .
Remark 5.2. In [CS], Chen and Sun also showed a version of Theorem 5.1
for Ka¨hler metrics with constant scalar curvature and integral Ka¨hler class.
Remark 5.3. In fact, we only need a much weaker version of Theorem 5.1
in order to prove Proposition 2.1. Such a weaker version can be proved by
using the deformation theory.
Proof of Proposition 2.1. Let gt = g(t, ·) be a family of evolved Ka¨hler met-
rics of KR-flow (gt; g). We claim that there exists δ > 0 such that if g
satisfies (2.2), then
‖gt − gKE‖C3(M) ≤ ǫ(δ), ∀ t > 0,(5.1)
where ǫ(δ) → 0 as δ → 0. We will use an argument by contradiction from
[TZ4]. On contrary, we may find a sequence of Ka¨hler metrics gi on (M,J)
with Ka¨hler forms in 2πc1(M) and a sequence of diffeomorphisms Ψi on M
which satisfy
|Ψ⋆i gi − gKE|C3(M) → 0,(5.2)
such that there exists a number ǫ0 > 0 and a sequence of Ka¨hler metrics
gi(ti, ·) with property:
‖giti − gKE‖C3(M) ≥ ǫ0,(5.3)
where giti is a solution of KR-flow (g
i
t; g
i) at time ti. Moreover, by the
stability of Ricci flow in finite time and by the continuity of the Ricci flow,
one can choose the number ǫ0 arbitrary small in (5.1) and can further assume
that giti satisfies
2ǫ0 ≥ ‖giti − gKE‖C3(M) ≥ ǫ0.(5.4)
In particular, curvatures Rm(giti) are uniformly bounded. Thus by the reg-
ularity of Ricci flow [Sh], ‖Rm(giti)‖Ck−2, 12 (M,gti) are uniformly bounded for
any k ≥ 2. Hence by Cheeger-Gromov’s compactness theorem (cf. [GW]),
one sees that there exist a subsequence giktik
of giti and a sequence of dif-
feomorphisms Φik on M such that Φ
⋆
ik
g
ik
tik
converge to a limit Riemannian
metric g∞ on M in the C
k, 1
2 -topology. Clearly by (5.4), it holds
2ǫ0 ≥ ‖g∞ − gKE‖C3(M) ≥ ǫ0.(5.5)
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On the other hand, again by (5.4), the sequence of induced complex struc-
tures (Φ−1ik )⋆·J ·(Φik )⋆ (maybe after taking a subsequence of ik ) will converge
to a Ck,
1
2 -differential complex structure J∞ on M . By the regularity, J∞ is
analytic. Moreover, one can show that g∞ is Ka¨hler with respect to J∞.
By the monotonicity of λ(·) along the flow (see (3.8) in Section 3), we
have
λ(gik) ≤ λ(giktik ).
It follows
λ(g∞) ≥ lim
ik
λ(gik ) ≥ λ(gKE).
Thus by Lemma 3.4, we see that g∞ is in fact a Ka¨hler-Einstein metric
on (M,J∞). Now by Theorem 5.1, (g∞, J∞) is conjugate to (gKE, J) by
a diffeomorphism on M . But this contradicts to (5.5). The contradiction
implies that (5.1) is true.
By (5.1), we have
‖gt − gKE‖C3(M) ≤ ǫ0 ≤ 1, ∀ t > 0.(5.6)
Thus, there exists a sequence {gti} of gt which converges to a limit Rie-
mannian metric g∞ on M in the C
3-topology. Hence by Lemma 3.5, g∞ is
a Ka¨hler-Ricci soliton. Moreover, by Corollary 4.6, λ(g∞) = (2π)
−nnV =
λ(gKE) since the K-energy is bounded from below [BM], [DT], and conse-
quently, by Lemma 3.4, g∞ must be a Ka¨hler-Einstein metric. Therefore,
by Theorem 5.1, we conclude that g∞ is conjugate to gKE by a diffeomor-
phism on M. Finally, The uniqueness of limit g∞ enable us to prove that
the KR-flow (gt; g) globally converges to gKE. Proposition 2.1 is proved.

6. Proof of Theorem 2.3
Proof of Theorem 2.3. By Corollary 2.2, there exists a τ0 ≤ 1 with [0, τ0) ⊂
I. We need to show that τ0 ∈ I. In fact we want to prove that for any δ > 0
there exists a large T such that
‖gst − gKE‖C3(M) ≤ δ, ∀ t ≥ T and s < τ0.(6.1)
As we did for Proposition 2.1, we will prove it by contradiction. Suppose
that we can find a sequence of Ka¨hler metrics gsiti , where si → τ0 and ti →∞,
of KR-flows (gsit ; g
si) and a sequence of diffeomorphisms Ψi on M such that
|Ψ⋆i gsiti − gKE|C3(M) ≥ δ0 > 0,(6.2)
for some constant δ0. Since the KR-flows (g
si
t ; g
si) converge to gKE, we may
further assume that gsiti satisfy
|Ψ⋆i gsiti − gKE|C3(M) ≤ 2δ0.(6.3)
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Then it follows from Cheeger-Gromov’s compactness theorem that there is a
subsequence g
sik
tik
of giti converging to a Ka¨hler metric (g∞, J∞) with property
2δ0 ≥ ‖g∞ − gKE‖C3(M) ≥ δ0.(6.4)
We claim that (g∞, J∞) is a Ka¨hler-Einstein metric. By Lemma 3.4, we
only need to show that λ(g∞) = λ(gKE) = (2π)
−nnV . It follows from
Corollary 4.6 and the monotonicity of λ(gτ0t ) that for any ǫ > 0, there exists
T > 0 such that
λ(gτ0t ) ≥ (2π)−nnV −
ǫ
2
, ∀ t ≥ T.
Since Ka¨hler-Ricci flow is stable in finite time and λ(gst ) is monotonic in t,
there is a small δ > 0 such that for any s ≥ τ0 − δ, we have
λ(gst ) ≥ (2π)−nnV − ǫ, ∀ t ≥ T.(6.5)
Since si → τ0 and ti →∞, we conclude that
lim
si→τ0,ti→∞
λ(gsiti ) = (2π)
−nnV.
By the continuity of λ(·), it follows
λ(g∞) = (2π)
−nnV = λ(gKE).(6.6)
This proves the claim.
Now by Theorem 5.1, we see that (g∞, J∞) is conjugate to (gKE, J) by
a diffeomorphism on M . But this contradicts to (6.4). This contradiction
implies that (6.1) is true.
By (6.1), we have
‖gτ0t − gKE‖C3(M) ≤ δ0 ≤ 1, ∀ t ≥ T.(6.7)
Thus, there exists a sequence {gτ0ti } of gτ0t which converges to a limit Rie-
mannian metric g∞ on M in the C
3-topology. Hence, by Lemma 3.5, g∞
is a Ka¨hler-Ricci soliton. Moreover, by Corollary 4.6, λ(g∞) = (2π)
−nnV ,
so g∞ must be a Ka¨hler-Einstein metric. Therefore, by Theorem 5.1, we
conclude that g∞ is conjugate to gKE by a diffeomorphism on M. Finally,
the uniqueness of limit g∞ enable us to prove that the KR-flow (g
τ0
t ; g
τ0)
globally converges to gKE. This shows τ0 ∈ I.

Completion of proof of Theorem 1.1. We have shown that I = [0, 1], so the
first part of Theorem 1.1 is proved. The second part of Theorem 1.1 is
known (cf. [PS], also see [CT2]). For the reader’s convenience, we outline
its proof. Since the limiting complex structure J∞ is conjugate to J , by
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an estimate (3.11) in [PS], one sees that there exists two uniform constants
C, δ > such that ∫
M
|∇ht|2gtωngt ≤ Ce−δt, ∀ t > 0.(6.8)
Moreover, by using (6.8), one can further derive∫
M
|∇pht|2gtωngt ≤ Cpe−δpt, ∀ t > 0,
where p > 0 is any integer and two uniform constants Cp, δp > 0 depend
only on p (cf. [CT2], [PS], [Zhu], etc). By using the Sobolev embedding
theorem, it follows
‖ht − a‖C0(M) ≤ C ′e−δ
′t, ∀ t > 0,
for some constant a. As a consequence, we get
‖φt − 1
V
∫
M
φtω
n
gKE
‖C0(M) ≤ C ′′.
Using this, we can prove that all Cℓ-norms of φt decay exponentially. Hence,
φt are convergent and the corresponding metrics ωφt converge exponentially
to a Ka¨hler-Einstein metric g′KE on (M,J). By the uniqueness theorem on
Ka¨hler-Einstein metrics, g′KE must be conjugate to gKE by a holomorphism
transformation. The proof of Theorem 1.1 is completed.

7. Proof of Theorem 1.2
As in the proof of Theorem 1.1, we consider a path of Ka¨hler forms
ωs = ωg0 + s
√−1∂∂φ with ωg = ωg0 +
√−1∂∂φ and set
I = {s ∈ [0, 1]| KR-flow (gst ;ωs) converges to gKE in the C∞-topology}.
By the assumption, 0 ∈ I. We shall show that I is both open and closed.
The following lemma should be due to Chen [Ch]. It generalizes Bando-
Mabuchi’s result about the lower bound of K-energy [BM].
Lemma 7.1. If there exists a sequence of Ka¨hler metrics on (M,J) with
Ka¨hler class 2πc1(M) converging to a Ka¨hler-Einstein metric gKE for some
complex structure J0 in the C
∞-topology, then Mabuchi’s K-energy is bounded
from below on the space of Ka¨hler potentials on (M,J).
Proof. By our assumption, there are diffeomorphisms Ψi of M such that
|(Ψ−1i )⋆ ·J ·(Ψi)⋆−J0|Ck(M) converge to 0 ( ∀ k > 0). Then an observation of
Szekylihidi in [Sz] implies that there exists a smooth holomorphic fibration:
π : Y 7→ D, where D denotes the unit disc in the complex plane, such that 1)
π−1(z) is boholomorphic to (M,J); 2) π−1(0) is a compact Ka¨hler manifold
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(M,J ′) which admits a Ka¨hler-Einstein metric g′KE. In fact, by [CS], this
J ′ is conjugate to J0. Thus the K-energy is bounded from below on space
of Ka¨hler potentials on (M,J) by Chen’s main result in [Ch]. 
The following proposition shows that I is an open set.
Proposition 7.2. Let (M,J) be a compact Ka¨hler manifold with c1(M) > 0
and gKE be a Ka¨hler-Einstein metric with Ka¨hler class 2πc1(M) for some
complex structure J ′ on M . Suppose that there exists a Ka¨hler metric (J, g0)
with Ka¨hler class 2πc1(M) such that the KR-flow with the initial metric g0
converges to gKE in the C
3-topology. Then there exists δ > 0 depending only
on gKE and g0 such that for any Ka¨hler metric g on (M,J) with Ka¨hler class
2πc1(M) satisfying
‖g − g0‖C3(M) ≤ δ,(7.1)
the KR-flow (gt; g) converges to gKE in the C
∞-topology.
Proof. Its proof is identical to that for Proposition 2.1. Since the KR-flow
is stable in finite time, by our assumption, we see that for any ǫ > 0, there
exist δ > 0 and a large T depending only on ǫ and g0 such that for any
Ka¨hler metric g on (M,J) with Ka¨hler class 2πc1(M), whenever
‖g − g0‖C3(M) ≤ δ,
then the evolved Ka¨hler metric gT of KR-flow (gt; g) satisfies
‖gT − gKE‖C3(M) < ǫ.(7.2)
We claim that (7.2) holds for any t ≥ T . If the claim is false, there is a
sequence of Ka¨hler metrics gi on (M,J) with Ka¨hler class 2πc1(M) satisfying
||gi − g0||C3(M) → 0, as i→∞,(7.3)
such that there exist ti →∞ satisfying:
2ǫ ≥ ‖giti − gKE‖C3(M) ≥ ǫ,(7.4)
where giti is the evolved metric of the KR-flow (g
i
t; g
i) at time ti. Then by
Cheeger-Gromov’s compactness theorem, there exists a subsequence giktik
of
giti which converges to a Ka¨hler metric (g∞, J∞) with property
2ǫ ≥ ‖g∞ − gKE‖C3(M) ≥ ǫ.(7.5)
Moreover, by the monotonicity of λ(·) and (7.3), it is easy to see
λ(g∞) ≥ λ(gKE).
It follows from Lemma 3.4 that g∞ is actually a Ka¨hler-Einstein metric on
(M,J∞). Consequently, by Theorem 5.1, (g∞, J∞) is conjugate to (gKE, J
′)
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by a diffeomorphism on M . But this contradicts to (7.5). So the claim is
true.
By the claim, we see that
‖gt − gKE‖C3(M) ≤ C,(7.6)
for all Ka¨hler metrics of (gt; g) as long as g satisfies (7.1). Then there exists
a sequence {gti} of gt which converges to a Ka¨hler-Ricci soliton g∞ accord-
ing to Lemma 3.5. Moreover, since the K-energy is bounded from below
according to Lemma 7.1, one can easily show that g∞ is actually a Ka¨hler-
Einstein metric, which has to be conjugate to gKE by a diffeomorphism of
M. Therefore, the flow (gt; g) converges to gKE in the C
∞-topology.

Proof of Theorem 1.2. By Proposition 7.2, we only need to prove that I is
closed. However, the proof of Theorem 2.3 still applies here since Corollary
4.6 is still true by Lemma 7.1. So we refer the readers to Section 6 for
showing that I is closed.

8. Appendix
In this appendix, we give a uniform L∞-estimate for minimizing solutions
of (3.5) associated to the evolved Ka¨hler metrics of KR-flow. The result was
used in Section 4 and is of independent interest.
Proposition 8.1. Let f = ft be a minimizer of W (gt, ·) for the evolved
Ka¨hler metrics g = gt of (2.1). Then f is uniformly bounded.
Proof. Let u = e−
f
2 . Then by (3.5), u satisfies
∆u− 1
2
fu− 1
4
Ru =
1
2
λ(g)u.(8.1)
Since the scalar curvature R is uniformly bounded by Lemma 4.1, we have
−∆u ≤ u1+δ + Cδ,(8.2)
for any δ > 0. Thus for any p > 1, we have
−u p2∆u p2 ≤ p
2
up+δ + Cδ
p
2
up−1+δ.
By the integration by parts, we get∫
M
|∇u p2 |2dVg ≤ p(
∫
M
up+δdVg + C1)
≤ p[(‖u‖
L
(1+ǫ)δ
ǫ
)
ǫ
1+ǫ )(‖u‖L(1+ǫ)p)
1
1+ǫ + C1]
≤ C2p[(‖u‖L(1+ǫ)p)
1
1+ǫ + 1],(8.3)
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where ǫ < 2
n−2 . At the last inequality we used the fact
∫
M
u2 =
∫
M
dVg = V .
On the other hand, since the scalar curvature R is uniformly bounded, we
have the Sobolev inequality (cf. [Zha]):∫
M
|∇ψ|2dVg ≥ δ0
∫
M
ψ
2n
n−2 dVg − C0
∫
M
ψ2dVg,
for any W 1,2-function ψ, where δ0 and C0 are uniform constants. In partic-
ular, for ψ = u
p
2 , we have∫
M
|∇u p2 |2dVg ≥ δ0(‖u‖
L
np
n−2
)
n−2
n −C ′0
∫
M
updVg.
Thus we derive from (8.3)
‖u‖
L
np
n−2
≤ (C3p)
1
p (‖u‖L(1+ǫ)p + 1).
Iterating the above over p, we can deduce
‖u‖L∞ ≤ C4(
∫
M
u2dVg + 1) = C4(V + 1),
consequently,
f ≥ −C ′.(8.4)
Note the normalized condition
∫
M
e−fdVg = V . By (8.4), we can find an
A and an open set EA of M for each f such that∫
EA
ehdVg > δ,
where EA ⊂ {x ∈ M | f(x) < A} and h = ht is the Ricci potential function
of g = gt with the normalization∫
M
ehdVg = V.
Note that h is uniformly bounded by Lemma 4.1. Hence, we have∫
M
fehdVg =
∫
M\EA
fehdVg +
∫
EA
fehdVg
≤
(∫
M\EA
ehdVg
) 1
2
(∫
M\EA
f2ehdVg
) 1
2
+ CA.
It follows ∫
M
f2ehdVg ≥ 1
V − δ (
∫
M
fehdVg)
2 − a(
∫
M
f2ehdVg)
1
2 − C ′,(8.5)
for some constant a,C ′ > 0. On the other hand, by integrating (3.5) at both
two sides, we have ∫
M
|∇f |2dVg ≤
∫
M
fdVg + C
′′.
CONVERGENCE OF KA¨HLER-RICCI FLOW ON FANO MANIFOLDS, II 21
Then by using the following weighted Poincare’s inequality (cf. [TZ3]),∫
M
|∇f |2ehdVg ≥
∫
M
f2ehdVg − 1
V
(
∫
M
fehdVg)
2,
we obtain ∫
M
f2ehdVg ≤ 1
V
(
∫
M
fehdVg)
2 + b
∫
M
fdVg + C
′′′,(8.6)
for some constant b, C ′′′ > 0. Combining this with (8.5), we deduce∫
M
f2ehdVg ≤ C6,
consequently, ∫
M
f2dVg ≤ C7.(8.7)
It follows from (3.5) that f satisfies,
∆f ≥ −f −B.
Then by the standard L∞-estimate for elliptic equations of second order, we
have
‖f+‖L∞ ≤ C(
∫
M
f2dVg + 1) ≤ C8,
where f+ = max{f, 0}. Thus we have proved that f is uniformly bounded.

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